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Abstract. In this paper we propose a new class of test functions for unconstrained
global optimization problems for which, however, it is a priori known that the global
minimum lies in the interior of a sphere centered at the origin. The class depends on
some parameters through which the difficulty of the test problems can be controlled.
As a basis for future comparison, we propose a selected set of these functions, with
increasing difficulty, and some computational experiments with two simple global
optimization algorithms.
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1. Introduction

In the field of optimization the definition of test problems is an impor-
tant and nontrivial task. Test problems should reflect the wide variety
of difficulties encountered when solving practical problems and are es-
sential in validating algorithms. In the field of Global Optimization
(GO in what follows) there exists an old class of test functions, the
Dixon-Szegö test set (see (Dixon-Szegö, 1978)). Unfortunately, these
problems are of limited dimension and of mild difficulty (they usually
have only few local minima). Therefore, testing only on them is not
an appropriate way to validate GO algorithms. The need for new and
widely recognized GO test problems emerged in a number of recent
publications. Here we recall a book (Floudas-et-al, 1999), some papers
(Gaviano-et-al, 2003; Lavor-Maculan, 2004; Neumaier-et-al, 2005; Pin-
ter, 2002), and the global optimization web site (GO-site, 2005). In this
paper we propose a new class of test functions depending on a limited
number of user-specified parameters, through which it is possible to
control the difficulty of the corresponding GO problem. Since GO in-
cludes many different classes of problems (constrained/unconstrained,
differentiable/nondifferentiable, and so on), it is basically impossible
to define a class of test functions depending on few parameters which
covers all the possible cases. For this reason in this paper we concentrate
our attention on a restricted, though relevant, subset of GO problems,
namely unconstrained problems for which it is known that the global
minimum is attained in the interior of a sphere centered at the origin,
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and for which efficient local search procedures exist. In the following
section we recall some features on which the difficulty of these GO
problems depend. In Section 3 we introduce a set of parameters whose
values have to be specified by the user and a set of parameters whose
values are randomly assigned. In Section 4 we introduce some basic one-
dimensional and multidimensional component functions, depending on
some of the above parameters, and we generate GO test functions with
the required properties by iterative procedures starting from the basic
components. For any generated test function the objective function
value of the global minimum will be known, but its position won’t. In
Section 5 we present the results of two simple GO algorithms on some
selected test functions, which can be employed as a basis for future
comparison.

2. Features making a GO problem difficult

In some recent papers (Baritompa-et-al, 2005; Locatelli, 2005; Locatelli-
Wood, 2005) features on which the difficulty of box-constrained GO
problems (with the global minimum in the interior of the box) de-
pends, are discussed. In particular, in (Locatelli, 2005) it is observed
that the difficulty of such GO problems is not merely connected to
the number of local (and not global) minima. An important factor is
how ”chaotic” is the position of these local minima within the search
box. This observation was stimulated by the analysis of some prac-
tical box-constrained GO problems, namely molecular conformation
problems such as the Lennard-Jones and Morse potential1. Indeed,
the observation of the funneling landscape of these functions (see e.g.
(Wales-Doye, 1997)) lead to the definition of local minima at different
levels in (Locatelli, 2005). Basically, a local minimum at level 1 is the
standard local minimum. A local minimum at level 2 is a local minimum
over a directed graph whose nodes are the local minima at level 1 and
arcs are defined by a suitable neighborhood structure. In particular,
in this paper a directed arc connects node X to node Y if the region
of attraction of node/local minimum Y has a nonempty intersection
with a small neighborhood of node/local minimum X. Local minima
at level 2 are the equivalent of funnel bottoms in the terminology of
the above mentioned molecular conformation problems. Efficient algo-
rithms for the detection of local minima at level 2 exist in the literature
(see e.g. (Leary, 2000; Addis-Leyffer, 2004; Addis-et-al, 2005)). These
algorithms are based on local moves between neighbor local minima, i.e.

1 strictly speaking, these problems are unconstrained ones, but it is always
possible to define a box where the global minimum is guaranteed to lie
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local moves on the directed graph. Local minima at level 3 are defined
similarly: they are the local minima over a directed graph where nodes
are all the local minima at level 2 and a directed arc connects node X
to node Y if a small neighborhood of node/local minimum X at level 2
contains at least a point within the region of attraction of node/local
minimum Y at level 2 (see also Figure 2).

Again, it is possible to define algorithms aimed at detecting local min-
ima at level 3 which are based on local moves within the directed graph
whose nodes are the local minima at level 2. We remark that the above
description is incomplete, many details, such as the definition of ”region
of attraction” of local minima at level 2, have been omitted. For these
details we refer to (Locatelli, 2005). We also remark that in a completely
similar way we could also define local minima at higher levels. Finally,
we remark that detecting local minima at a given level becomes more
and more difficult as the level increases. What we would like to recall
here is the relation between the difficulty of a GO problem and the
first level at which only one or few local minima exist. The easiest GO
problems are those with one or few local minima (the standard ones or
local minima at level 1). In these cases a single or few runs of a local
search procedure started at random initial points is able to reach the
global minimum2. Problems with a large number of local minima are
more difficult to solve. In this case the essential feature to establish the
difficulty of the problem is not the number of local minima but their
position. If many local minima (at level 1) exist but they are placed in a
regular way in the search space, in particular in such a way that a single
or few local minima at level 2 exist, then this case can be efficiently
solved e.g. by any algorithm based on local moves between standard
local minima. If not only many local minima at level 1 exist, but also
many local minima at level 2, then the problem becomes more difficult.
As previously mentioned, in the latter case we can employ more time-
consuming algorithms based on local moves between local minima at
level 2, aiming at detecting local minima at level 3. Of course, as we
increase the number of local minima at level 3, we further increase
the difficulty of the GO problem. Based on the above discussion, our
intention is to introduce a class of test functions for which, by specifying
few parameters, the user is able to define test functions with a given
number of local minima at levels 1, 2 and 3 (we could also consider

2 Of course, the classical golf-hole situation, where the global minimum has a
very narrow region of attraction, is always possible, but here we omit to deal with
this pathological case
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(a) (b)

(c) (d)

Figure 1. (a) local minima at level 1 (b) neighborhood structure between local
minima at level 1 (c) local minima at level 2 (d) neighborhood structure between
local minima at level 2: the grey square is the unique local minimum at level 3
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higher levels but level 3 is already enough to define very challenging
GO test functions), thus controlling the difficulty of the problem.

3. User-defined and random parameters

In this section we introduce the parameters which will be employed to
define the test functions. Some of them have to be specified by the user,
some others are randomly chosen by the test generator.

User-defined parameters

− n: the number of basic variables. Note that basic variables are
not the unique variables of the test functions, other variables will
be later introduced to combine different components of the test
functions.

− L2: it is constrained to belong to the interval [1, 2n+1 − 1] and
controls the number of local minima at level 2.

− L3: the number of local minima at level 3. In view of the high
difficulty introduced by local minima at level 3, we set the upper
bound

√
n for this value; then, L3 is constrained to belong to the

interval [1,
√

n].

− Ki, i = 1, . . . , n: the oscillation frequencies. They basically control
the number of local minima in the one-dimensional components
by which the test functions are made up; they are constrained to
belong to the interval [10, 20]. The user has the option of fixing
them all equal to a given value K ∈ [10, 20] or to let the value of
each of them be randomly chosen in the above interval. In order
to guarantee a high enough variability among the Ki values, these
are not uniformly sampled over the interval [10, 20] but each of
them is sampled with probability 0.5 in the interval [10, 12.5] and
with the same probability in the interval [17.5, 20]. We remark that
the random choice of these values is a further source of difficulty
because it introduces a different scaling of the variables. In what
follows we will also denote by K̄ the average

∑n
i=1 Ki/n of these

values.

− H: the oscillation width. It controls the height of the barriers be-
tween neighbor local minima in the one-dimensional components;
it is constrained to belong to the interval [10, 30].
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Random parameters

− c1 ∈ [−3.5,−2.0] defines the position of the first local minimum at
level 2 in the one-dimensional components with two local minima
at level 2 (see Section 4.1).

− c2 ∈ [2.0, 3.5] defines the position of the second local minimum at
level 2 in the one-dimensional components with two local minima
at level 2 (see Section 4.1).

− pi ∈ {0, 1}: for each i corresponding to a one-dimensional compo-
nent of the test function, pi defines the position (c1 or c2) of the
lowest local minimum at level 2 if the one-dimensional component
has two local minima at level 2, or of the unique local minimum
at level 2 if the one-dimensional component has a single local
minimum at level 2 (see Section 4.1).

As it will become clear in what follows, the overall dimension d of the
test functions will be defined as follows

d = n + ν(L2) + L3 − 2,

where ν(L2) is the number of ones in the binary code of L2. Although
we can view the problems as uncostrained ones, it can be guaranteed
that the global minimum lies within the sphere S(0, 5

√
d) centered at

the origin and with radius 5
√

d.

4. Building the test functions

Our aim is to build test functions with the required properties, in
particular with the required number of local minima at levels 2 and 3.
Before defining these functions, we need to underline that the concept
of neighbor local minima at any level, which is essential to define local
minima at the upper level, is not trivial to define and it is often algorith-
mic dependent (see (Locatelli, 2005)). Here minimum A is considered
close to minimum B if it is possible to start a descending path towards
B in a point “close” to A, i.e. within some distance r from A. Distance
r should be chosen in such a way that two requirements are fulfilled:
on one hand the neighborhood of a local minimum should be small
enough in order to allow its efficient exploration, on the other hand r
should be large enough to reduce as much as possible the number of
local minima at the upper level. A very small value of r allows a very
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small (possibly empty) neighborhood of the minima but the number of
minima at the upper level is very large, while a very large value of r
allows a small number of local minima at the upper level (possibly only
one) but makes the neighborhood of the minima extremely large. As
it will become clear during the description of the test functions, here
we employ distance r1 = 10

mini Ki
to define the neighborhood of local

minima at level 1 (standard local minima), and the distance r2 = c2−c1

to define the neighborhood of local minima at level 2.

4.1. The one-dimensional components

The first step towards the definition of the test functions is the introduc-
tion of some basic one-dimensional components with multiple minima.
Following a common practice in the definition of test functions with
many local minima (see e.g. the definition of the Rastrigin test function

in (Törn-Z̆ilinskas, 1989)), multiple minima are obtained through an
oscillation term based on the cosine function

OK,H
c1,c2

(x) = −H cos

[

2π

⌈

K(c2 − c1)

10

⌉

(x − c1)

c2 − c1

]

+ H.

This term has (approximately) K local minima (all with value equal
to 0) in the interval [−5, 5], two of which are in c1 and c2.

Once the oscillation term has been introduced, we are ready to intro-
duce the two types of one-dimensional components through which the
test functions are built. The first type, the one-dimensional component
with a single local minimum at level 2, is defined as follows

sp,c1,c2,K(x) = γp,c1,c2(x) + OK,H
c1,c2

(x)

where:

γp,c1,c2(x) =

{

0.5(x − c2)
2 + 2 if p = 0

0.5(x − c1)
2 + 2 if p = 1

Note that the sum of the unimodal (actually convex) term γ and of the
oscillation term O guarantees that this one-dimensional component has
a unique local minimum at level 2 at x = c1 (if p = 1) or x = c2 (if
p = 0) with value equal to 2.

The second type of one-dimensional component has two local min-
ima at level 2 in x = c1 and x = c2 respectively with value 0 and 1 if
p = 0 or with value 1 and 0 if p = 1. It is obtained through the sum
of a bimodal function, denoted by ξ, with two local minima in x = c1

and x = c2, and the oscillation term O

dp,c1,c2,K(x) = ξp,c1,c2(x) + OK,H
c1,c2

(x).
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The bimodal function ξ is defined as follows:

ξp,c1,c2(x) =

{

ξa(x) =
∑

3
r=0 αr(x − c1)

r if − 5 ≤ x ≤ 0
ξb(x) =

∑

3
r=0 βr(x − c2)

r if 0 ≤ x ≤ 5

The equations to find the parameters αr and βr, r = 0, 1, 2, 3 are

d ξa

d x
(c1) = 0 d ξa

d x
(0) = 0 ξa(c1) = p ξa(0) = 5

d ξb

d x
(c2) = 0 d ξb

d x
(0) = 0 ξb(c2) = 1 − p ξb(0) = 5

Such equations guarantee that: ξ has continuous first derivative, has
a minimum in x = c1 with value p, a minimum in x = c2 with value
1 − p, and a maximum in x = 0 with value 5.

4.2. Basic function with 2m local minima at level 2

Next step is the introduction of basic n-dimensional components with
2m (m = 0, 1, . . . , n) local minima at level 2. The easiest way to obtain
these functions is by summing up one-dimensional components with one
or two local minima at level 2. However, this way we would get separable
functions. In order to avoid that explicit or implicit exploitation of
the separability (e.g. by moves along single or few coordinates) leads
to very good but misleading results, we remove separability. This is
easily obtained e.g. by a one-to-one linear transformation of the original
variables. In particular we consider the following distance-preserving
transformation. Let x = {x1, . . . , xn} and

w(x1, . . . , xn) = Ax (1)

where A is a n×n orthonormal matrix obtained by randomly generat-
ing a nonsingular matrix A′ and then orthonormalizing it through the
Gram-Schmidt process. Next we define the basic component with 2m

local minima at level 2, 0 ≤ m ≤ n, as follows:

Fm(x1, . . . , xn) =
m

∑

i=1

dc1,c2,pi,Ki
(wi(x1, . . . , xn))+

n
∑

i=m+1

sc1,c2,pi,Ki
(wi(x1, . . . , xn))

This function has a global minimum whose value is 2(n−m). The values
wi, i = 1, . . . , n, at the global minimum point are:

wi =

{

c1 if (pi = 0 and i ≤ m) or (pi = 1 and i > m)
c2 otherwise

and once these values are known we can derive from (1) also the values
of the original xi variables.
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4.3. Combining basic components

Let Fm2
and Fm1

be two basic components with m2 > m1. We want to
build a new function Gt, t = 2m1 + 2m2 , by combining Fm1

and Fm2
,

with t local minima at level 2. Given the combination operator ×, the
combination operation is

Gt = Fm1
× Fm2

and its result is a function of the n basic variables x1, . . . , xn and of
the auxiliary variable y:

Gt(x1, . . . , xn, y) =







Ga
t (x1, . . . , xn, y) + O

K̄,Fm1
+Fm2

−2.5,2.5 (y) if y ≤ 0

Gb
t(x1, . . . , xn, y) + O

K̄,Fm1
+Fm2

−2.5,2.5 (y) if y > 0

where we recall that K̄ is equal to
∑n

i=1 Ki/n, while

Ga
t (x1, . . . , xn, y) =

3
∑

r=0

µr(y + 2.5)r

and

Gb
t(x1, . . . , xn, y) =

3
∑

r=0

ϕr(y − 2.5)r.

Parameters µr and ϕr, r = 0, 1, 2, 3, are functions of the basic variables
x1, . . . , xn whose values can be obtained by solving respectively the
following systems:























d Ga
t

d y
(x1, . . . , xn,−2.5) = 0

d Ga
t

d y
(x1, . . . , xn, 0) = 0

Ga
t (x1, . . . , xn,−2.5) = Fm1

(x1, . . . , xn)
Ga

t (x1, . . . , xn, 0) = 2(Fm1
(x1, . . . , xn) + Fm2

(x1, . . . , xn))

(2)

and






















d Gb
t

d y
(x1, . . . , xn, 2.5) = 0

d Gb
t

d y
(x1, . . . , xn, 0) = 0

Gb
t(x1, . . . , xn, 2.5) = Fm2

(x1, . . . , xn)
Gb

t(x1, . . . , xn, 0) = 2(Fm1
(x1, . . . , xn) + Fm2

(x1, . . . , xn))

(3)

From the above equations function Gt is built in such a way that it
is equivalent to Fm1

for y = −2.5 and to Fm2
for y = 2.5. For each

fixed x1, . . . , xn, function Gt has two minima in y = −2.5 and y = 2.5.
Every local minimum (x̄1, . . . , x̄n, ȳ) with ȳ 6= −2.5, 2.5 can not be a
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local minimum at level 2 for Gt. Indeed, consider the one-dimensional
function

u(y) = Gt(x̄1, . . . , x̄n, y).

We have that ȳ is also a local minimum of u but any local minimum y′

of u closer to -2.5 with respect to ȳ if ȳ ≤ 0, or closer to 2.5 if ȳ > 0,
has a function value lower than u(ȳ). Note that (x̄1, . . . , x̄n, y′) is not
necessarily a local minimum for Gt but it is close to (x̄1, . . . , x̄n, ȳ) and
it has a lower function value thus belonging to the region of attraction of
a better local minimum. Then, we have that the local minima at level 2
of function Gt are all and only those of function Fm1

, obtained by taking
y = −2.5, plus all those of function Fm2

, obtained by taking y = 2.5.

The oscillating term O
K̄,Fm1

+Fm2

−2.5,2.5 (y) has the effect of introducing a
barrier separating the local minima at level 2 of the two basic functions
Fm1

and Fm2
(note that this term also depends on variables x1, . . . , xn

through Fm1
and Fm2

). The global minimum for Gt has the same value
as the global minimum of Fm2

, while the global minimum point has
the same xi, i = 1, . . . , n coordinates as the global minimum of Fm2

and y = 2.5. We also remark that the combination operator × is not a
commutative one.

Once we have defined a procedure to combine two basic component
functions Fm1

and Fm2
, we can generalize the combination operator ×

in such a way that each of its two arguments can either be one the
basic component functions Fm or the result of previous combination
operations. The details of the generalization are analogous to those for
the combination of the two basic component functions Fm1

and Fm2

with just a slight difference. In order to describe this difference let us
consider the case of the combination of a basic component function
Fm with a function Gt obtained by previous combinations. We notice
that function Fm only depends on the basic variables x1, . . . , xn, while
function Gt depends on the basic variables and some auxiliary variables,
say y1, . . . , yr. In order to make both functions depending on the same
set of variables, we modify as follows the basic component function:

F̃m(x1, . . . , xn, y1, . . . , yr) = Fm(x1, . . . , xn)+
r

∑

j=1

[

(yj − 2.5)2 + OK̄,H
−2.5,2.5(yj)

]

.

(4)
Note that F̃m still has 2m local minima at level 2, has the same global
minimum value as Fm, and its global minimum point has the same
x1, . . . , xn coordinates as the global minimum point of Fm while the yj

coordinates, j = 1, . . . , r, are all equal to 2.5.
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4.4. A function with L2 local minima at level 2

We are finally ready to define a procedure returning a function with a
given number L2 (1 ≤ L2 ≤ 2n+1 − 1) of local minima at level 2. Let
ℓmℓm−1 . . . ℓ1ℓ0 be the binary code of L2. Let

J = {j : ℓj = 1} = {j0, . . . , jk} j0 < · · · < jk

Then we can employ the following procedure.

Initialization Set G = Fj0 and h = 1.

Step 1 If h > k, then STOP and return G, otherwise go to Step 2.

Step 2 Set

G = G × F̃jh
h = h + 1

(where F̃jh
is the modification of the basic component Fjh

as in (4)
with the additional y1, . . . , yh−1 auxiliary variables) and go back
to Step 1.

We remark that the resulting function has exactly L2 local minima at
level 2, the same global minimum value as Fjk

and a global minimum
whose x1, . . . , xn coordinates are the same as those of Fjk

, while the
y1, . . . , yk coordinates are all equal to 2.5.

4.5. A function with L3 local minima at level 3

Function G as built in the previous subsection has L2 local minima at
level 2 but it is possible to define a neighborhood structure between
these minima in such a way that there is a unique local minimum at
level 3. Therefore, the next step is to define functions with a given
number L3 of local minima at level 3. In order to obtain this function,
first we can build L3 different components Gj , j = 1, . . . , L3, each one
with L2 local minima at level 2 and a single local minimum at level 3.
These functions are obtained by the previously seen procedure but by
introducing different random parameters pj

i , i = 1, . . . , n, j = 1, . . . , L3.
This way the position of the global minimum (which is also the unique
local minimum at level 3) is, very likely, different for each Gj component
(there are 2n different possible positions for the global minimum). Next
we define a combination operator ×, similar to the one introduced in
Section 4.3, between two components Gj1 and Gj2

Γ = Gj1 × Gj2
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and its result is a function of the n basic variables x1, . . . , xn, of the
auxiliary variables y1, . . . , yk and of the further auxiliary variable z:

Γ(x1, . . . , xn, y1, . . . , yk, z) =







Γa(x1, . . . , xn, y1, . . . , yk, z) + OK̄,Gj1+Gj2

−2.5,2.5 (z) if z ≤ 0

Γb(x1, . . . , xn, y1, . . . , yk, z) + OK̄,Gj1+Gj2

−2.5,2.5 (z) if z > 0

where:

Γa(x1, . . . , xn, y1, . . . , yk, z) =
3

∑

r=0

ηr(z + 2.5)r

and

Γb(x1, . . . , xn, y1, . . . , yk, z) =
3

∑

r=0

τr(z − 2.5)r

Parameters ηr and τr, r = 0, 1, 2, 3, are functions of the variables
x1, . . . , xn and y1, . . . , yk and can be obtained by the following equa-
tions, similar to (2) and (3):



















d Γa

d z
(x1, . . . , yk,−2.5) = 0

d Γa

d z
(x1, . . . , yk, 0) = 0

Γa(x1, . . . , yk,−2.5) = Gj1(x1, . . . , yk) + 1
Γa(x1, . . . , yk, 0) = 2(Gj1(x1, . . . , yk) + Gj2(x1, . . . , yk)) + 2

and


















d Γb

d z
(x1, . . . , yk, 2.5) = 0

d Γb

d z
(x1, . . . , yk, 0) = 0

Γb(x1, . . . , yk, 2.5) = Gj2(x1, . . . , yk)
Γb(x1, . . . , yk, 0) = 2(Gj1(x1, . . . , yk) + Gj2(x1, . . . , yk)) + 2

Function Γ is built in such a way that it is equivalent to Gj1 + 1 for
z = −2.5 and to Gj2 for z = 2.5. Then, we have that function Γ has two
local minima at level 3, 2L2 local minima at level 2, its global minimum
value is the same as the one for Gj2 , while its global minimum point has
the same xi, i = 1, . . . , n, and yj , j = 1 . . . , k, coordinates as the global
minimum of Gj2 and z = 2.5. Similarly to Section 4.3, we can generalize
the combination operation in such a way that each of its two arguments
can either be one the basic component functions Gj (or even better its
modification G̃j completely analogous to (4) with z variables in place
of the y variables) or the result of previous combination operations.

Now, the following procedure, again similar to the one described in
Section 4.3, returns a function with L3 local minima at level 3.

Initialization Set Γ = G1 and h = 2.
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Step 1 If h > L3, then STOP and return Γ, otherwise go to Step 2.

Step 2 Set

Γ = Γ × G̃h h = h + 1

and go back to Step 1.

Function Γ has L3 local minima at level 3, L3L2 local minima at level 2,
its global minimum value is the same as the one for GL3 and its global
minimum point has the same x1, . . . , xn and y1, . . . , yk coordinates as
GL3 , while the z1, . . . , zL3−1 coordinates are all equal to 2.5.

5. Computational experiments

If we are given a class of global optimization problems, our aim is to
find algorithms which are able to solve them efficiently. If we want to
propose a class of challenging test functions the situation is somehow
reversed: we are given existing algorithms and we would like to find
problems on which these algorithms are not efficient in order to stimu-
late the search of new techniques. Of course it is impossible to test all
the existing GO algorithms. Therefore, for those willing to test their
GO algorithms on the proposed test functions, we make available a C++

class, downloadable at the web site (GOL, 2005), through which the
functions, together with their gradients, are computed. Any feedback
is more than welcome and at the same web site all updates based on
the received feedbacks will be indicated.

Although we can not test all GO algorithms, we can at least propose,
as a basis for future comparison, the results obtained by two simple
GO algorithms, both based on multiple local searches, on some test
functions of increasing difficulty from the class proposed in this paper.
The first algorithm is the very simple Multistart algorithm, where at
each iteration a random point within the sphere S(0, 5

√
d) is sampled

and a local search is started from it. Tests with Multistart are basically
only performed to experimentally confirm that even clever local search
procedures (like the limited memory BFGS employed in this paper)
are trapped by the many local minima of these functions. The second
algorithm is Monotonic Basin Hopping (see (Leary, 2000)), denoted by
MBH in what follows:

MBH

0. Let MaxNoImprove be a fixed parameter and X0 be a random initial
local minimum; set h, k = 0.
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1. Let Zk+1 be obtained by random sampling in the sphere S(Xk, r)
of radius r, and Yk+1 be the local minimum reached by starting a
local search from Zk+1;

2. if f(Yk+1) < f(Xk), then set Xk+1 = Yk+1 and h = 0, otherwise set
Xk+1 = Xk and h = h + 1;

3. if h ≥ MaxNoImprove, then STOP, otherwise set k = k + 1 and go
back to 1.

In spite of its simplicity, MBH turned out to be extremely efficient for
very challenging global optimization problems, like molecular confor-
mation problems. It can be viewed as a local search at level 2, because if
the perturbation r is appropriately chosen, MBH is able to detect quite
efficiently local minima at level 2. Of course the choice of the random
perturbation is a key issue. Tuning r is not trivial, but since our aim
is to propose test functions which are challenging for MBH even when
its parameters are carefully chosen, we always report the best results
obtained with different choices of r. It is still possible that tuning the
value of r more carefully for every specific test, better results can be
obtained but the current choice appears to be reasonably good. The
parameter r is chosen as a function of K̄, i.e. r0

K̄
. The MaxNoImprove

parameter has been set to a very large value (105) in order to be
reasonably sure that a local minimum at level 2 has been reached.

Seven different test functions have been considered. The parameters
defining these functions can be downloaded at the web site (GOL,
2005). As expected, Multistart was unable to detect the global min-
imum using a number of local searches double with respect to MBH
even in the easiest (with respect to MBH) case (test function with
L2 = L3 = 1, H = K = 10). Results for MBH are reported in Table
5. On each test function 1000 runs have been performed. For each
function we report the number of successes over the 1000 runs and the
average number of local searches per run (always excluding in each run
those performed during the last 105 iteration where no improvement
is observed). MBH always solves the cases with L2 = L3 = 1. It can
be seen that increasing the number of local minima (i.e. increasing
parameter K from 10 to 20) only slightly worsens the performance
of MBH, while different scaling, due to random selection (within the
interval [10, 20]) of the Ki values, is a more serious source of difficulty
(the average number of local searches increases) because the random
generation of the point Zk+1 over a sphere centered at the current
record Xk (Step 1. of MBH) does not take into account the different
scaling of the variables. As the values L2 and L3 are increased, we
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Table I. Results of MBH over the seven proposed test functions

Function n Ki H L2 L3 successes average #LS

Test 1 50 Ki = 10, ∀ i 10 1 1 1000 1517

Test 2 50 Ki = 20, ∀ i 10 1 1 1000 2393

Test 3 50 Ki random in [10, 20] 10 1 1 1000 5271

Test 4 30 Ki = 10, ∀ i 10 10 1 82 1444

Test 5 30 Ki = 10, ∀ i 10 25 1 30 1810

Test 6 30 Ki = 10, ∀ i 10 25 4 17 1781

Test 7 30 Ki = 10, ∀ i 10 100 4 3 1867

observe a clear decrease of the performance of MBH (MBH gets trapped
at a local minimum at level 2 and is unable to escape from it when this
is not the global minimum). Notice that MBH reaches in a relativey
fast time a local minimum at level 2 (it has been observed that MBH
always stops at a local minimum at level 2 and the number of local
searches per run is never very large) but then, as previously observed,
is unable to escape from it.

6. Conclusion

In this paper we have proposed a class of test functions for uncon-
strained global optimization problems. The difficulty of these problems
can be controlled by an appropriate choice of some parameters. A web
site ((GOL, 2005)) is maintained where users will be able to download
a C++ class of the test functions, post their comments and get the pa-
rameters defining a set of seven test functions with increasing difficulty
for which we also make available the results obtained by two simple
GO algorithms as a basis of comparison.
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